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ABSTRACT
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Fluid flow through a closed curved conduit has always been a topic of extensive research,
as it has many practical and industrial applications. The flow is generally characterized by a
presence of secondary flow, vortical motions and pressure losses for different flow regimes. These
observed irregularities may positively or negatively impact the flow. They are beneficial for cases
where mixing of fluids is required, usually observed for multiphase flow regimes or detrimental
for cases involving particles in the fluid. There are also instances where a particle-laden fluid
transported through the curved pipe was directly related to corrosion- erosion related problems. A
significant amount of revenue is lost every year to control and deal with the problem.

In this thesis, with the help of CFD, steady laminar flow through a curved 90-degree pipe
with a square cross-sectional area is studied. The initiation phenomena of the secondary flow for
non-vortical and vortical types were analyzed. The presence of a transversal pressure gradient
playing the pivotal role in determining the secondary flow of the vortical type was found. Further
analysis with varying Reynolds number for the flow as well as varying Radius of curvature of the
bend geometry was also undertaken. Studies involving different types of boundary conditions and
the introduction of particles in the flow were also briefly analyzed in the later stages of the thesis.
It was concluded that assigning the slip boundary conditions to the wall nearly reduces the intensity
of secondary flow, both non-vortical and vortical type in comparison to the main axial flow and
also a decrease of more than 80 % in erosion was observed for low Stokes numbers.
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NOMENCLATURE
Variable

Units

ρ

Density

kg/𝑚3

u

Velocity vector

m/s

p

Pressure

Pa

τ

Viscous stress tensor

Pa

F

Volume force vector

N/𝑚3

Cp

Specific heat capacity at constant pressure

J/kg·K

T

Absolute temperature

K

q

Heat flux vector

W/𝑚2

Q

Heat sources

W/𝑚3

μ

Dynamic Viscosity

Pa·s

𝐷ℎ

Hydraulic Diameter

m

A

Cross-sectional area

𝑚2

P

The circumference of the wetted part

m

𝑈0

inflow speed

m/s

𝑝0

Absolute pressure

Pa

𝐿ℎ

Entrance Length

m

a

Side length

m

𝑉𝑎𝑣𝑔

Average velocity

m/s

𝜔

Vorticity

1/s

𝜌𝑝

particle density

kg/𝑚3

𝑑𝑝

particle diameter

m

𝑙0

dimensions of the geometry

m

I

Identity matrix

𝑛⃗

Normal unit vector

Re

Reynolds number

R

Radius of curvature

St

Stokes number
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CHAPTER 1

INTRODUCTION

1.1 Problem Description
The flow of fluid through a curved conduit has always been a topic of phenomenal
importance as many practical applications are directly or indirectly related to such. It can be as
minute as flow through small capillaries, membranes or filters usually observed in micro-fluids or
as large as flow in channels, dams or reservoirs. It can be as complex as transport of gases or fluids
in petroleum industries, chemical reactors, heat exchangers or as simple as transport of necessary
water to each and every household. The flow through these conduits may be single-phased, multiphased or even be particle-laden. Each flow will have its own idiosyncrasies which would affect
the behavior of flow in the duct. Thus, there arises a need to have an accurate description of the
flow and study the factors affecting the flow in a curved conduit. There are many complexities
encountered in the study of flow through a curved geometry. Complexities are encountered in the
form of vortical motions, flow reversals, and possible unsteadiness, due to changes in either crosssectional area or curvature of the duct axis or both in the flow. Further difficulties are also found
due to the various flow regimes such as flow being turbulent or intermittent or more related to a
specific consideration like the presence of moving boundaries in biomedical applications [21]. The
flow could be further complicated with the presence of particles or droplets usually found in the
transport of fluids in pipelines for the petroleum industries. The particles have a tendency to
interact with the walls along the outer bend and cause erosion related problems. In 1998, a study
presented to the US congress carried out by NACE International and Dr. Joe Payer estimated that
erosion-corrosion related problems cost about $276 billion per year to the industrial sector with a
total of $121 billion per year spent on corrosion control methods and services[28].
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Fluid flow through a curved pipe is generally characterized by a presence of secondary
flow perpendicular to the direction of the main flow in the pipe discovered by Eustice (1910,1911)
[1][2] and analytical confirmed by Dean (1927,1928) [3][4]. Two counter-rotating vortices known
as Dean vortices are also observed in the plane perpendicular to the flow. Over the years, extensive
research has been made for the flow of fluid in a curved duct in regards to understanding the
secondary flow and its vortices, but studies regarding the initiation of secondary flow and vortices
as well as the various factors affecting the flow are found to be few and lacking. Thus, research in
this thesis was undertaken to study the factors affecting the initiation phenomenon of the secondary
flow and its vortices. Particles were also inserted in the flow and traced to study the effect of
erosion in the curved duct. This research aims to use computational fluid dynamics (CFD) to
simulate the flow. As past researchers have been limited in their attempts at flow through a curved
pipe of square cross-section, a computational model of a 90-degree bend pipe geometry with a
square cross-sectional area was set up in COMSOL 5.1. A steady fully developed laminar fluid is
considered as the working fluid in the simulations. Following the study of the base model,
simulations for a varying radius of curvature and Reynolds number were also undertaken. Particles
(with varying Stokes number) were also introduced in the flow to study erosion phenomena found
in flow-through curved pipes.

1.2 Literature Review
This section will review important theories and methodologies used by researchers over
the years to study the fluid flow. Firstly, this section will review various methods used over the
years to get a basic understanding of fluid flow in a curved duct or channel in general. Pertaining
to the research being made about a laminar flow in a square duct to determine the secondary flow
characteristics, a review of various studies would be made in lieu of the said parameter.
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1.2.1 Curved Duct or Channel
Various studies have been undertaken by researchers to model the fluid flow having
different characteristics to understand the flow patterns and the secondary flow occurring in the
flow. R.J. Goldstein. et. al. (1967) [5] developed an optical technique to measure laminar flow
development in a square duct using a Laser-Doppler flowmeter. H.C. Lien et. al. (1999) [6]
developed a 2-d depth-averaged model for simulating the flow fields within a mildly or sharp
curved channel. A.L. Glenn. et. al. (2012) [7] experimentally designed the usage of a Particle
Image Velocimetry to measure secondary flow for a curved duct to understand the pulsatile flow
found in curved arteries. S. Yanase et. al. (1989) [8] with the help of the Chebyshev spectral
method proved the formation of dual solutions in the form of a vortex in regard to Dean number
exceeding a certain critical value. K.D. Arvanitis et. al. (2018) [24] with Computational fluid
dynamics studied the effect of secondary flow and Prandtl number for the flow in various curved
ducts. X. Guan (1997) [9] numerically simulated the flow using FIDAP and examined with
theoretical and experimental data, the patterns for axial and secondary motions in developing and
fully developed regions of a curved pipe. D. Greenspan (1972) [10] with the help of the finitedifference technique concluded that the axial momentum peak moves away from the center with
increasing value of Dean number. Researchers have also studied flow for a duct having varying
areas of the cross-section. This research has led to some interesting discoveries, helping us have a
rough basis of the flow and all the factors that affect it for flow through a curved geometry. W.R.
Briley et. al. (1982) [11] studied the different flow cases to determine its flow structure and get an
understanding of its dependence on geometric and flow parameters. Detra et. al. (1953) [12] Y.
Fan et. al. (2001) [13] proposed that the non-uniform stagnation pressure distribution in a curved
pipe leads to the formulation of secondary flow in the pipe and concluded that the pressure gradient
near the wall the region is the driving force for the secondary flow. S.A. Berger et. al. (1983) [14]
proposed that centrifugally induced pressure gradient led to the formation of secondary flow. H.G.
Cuming (1952) [15] found that secondary flow on the bend pipe of a square cross-section is
stronger than a circular section.
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1.2.2 Laminar Flow in a Square Duct
In this thesis, based on observations made by H.G. Cuming (1952) [15] square crosssection geometry is taken as a basis of the study for secondary flow. The research done in regard
to a curved square cross-section was relatively few in comparison with a circular duct. Various
different methods of study have been used to form and test the hypothesis in regard to this flow.
P. Hille et. al. (1985) [16], R.J. Goldstein et. al. (1967) [5], J.A.C. Humphrey et. al. (1977)[17],
used the LDA method to study flow development. A.M.K.P. Taylor et. al. (1982) [18] measured
the components of velocity and associated Reynolds stresses using laser-Doppler velocimetry and
concluded that the boundary layer thickness plays an important role in the flow domain. W.Y. Soh
(1986) [19] numerically studied the developing laminar fluid flow in a square curved duct by a
factored ADI method on a staggered grid and concluded that inlet conditions of the flow determine
the flow and found critical Dean numbers which determine the number of vortices in a flow. G.
Yee et. al. (1979) [20] studied numerically the effect of duct geometry on heat transfer due to the
presence of secondary flow motions and found that heat transfer increases with Dean number and
aspect ratios of these geometries are directly related to secondary flow. F. Sotiropoulos et. al.
(1992) [21] used computational methods for ducts with varying cross-section and quite recently
T.W.H. Sheu et. al. (2006) [22] studied the vortical flow topology in a curved duct using
Computational fluid dynamics. Various theories have been presented in regard to the formation of
secondary flow and the vortices due to the flow. T.W.H. Sheu et. al. (2006) [22] proposed that an
imbalance between inward radial pressure gradient and centrifugal force causes the formation of
secondary flow and K.H. Winters (1986) [23] suggested a critical value of axial pressure gradient
determines the number of vortices formed in the flow. Thus, many theories were presented for the
reason behind the formation of secondary flow and vorticities generated due to the flow in the
bend. In this thesis, an attempt has been made to study the flow using CFD and the results obtained
through the simulation help to get a comprehensive understanding as to what triggers the
phenomenon of secondary flow and vortex formed as a result of such flow in the plane
perpendicular to axial flow. A comprehensive study has been made in regard to how pressure
difference in a transversal direction plays a part in this study. A particle tracking study was also
undertaken to study erosion observed in the bend.
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1.3 Research Contributions
The thesis research contributes to the study of secondary flow in several ways. First, the
research shows the effect that the transversal pressure gradient plays a pivotal role in the initiation
of the secondary flows and can also significantly affect the vortices created due to secondary flow.
Second, the analytical nature of the research can expose key factors that contribute to the intensity
of various phenomena such as Secondary flows, Vorticity, max erosion and erosion ratio with a
varying radius of curvature and Reynolds number. Third, the knowledge gained from the research
can provide ideas in the development of methods to reduce erosion found in curved pipes as well
as in the development of methods to eradicate vortices to positively affect the flow in ventilators
and dialysis equipment.
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CHAPTER 2

THEORETICAL BACKGROUND

2.1. Computational Fluid Dynamics (CFD)
Computational fluid dynamics (CFD) is a branch of fluid mechanics that deals with
complex fluid flow problems with the help of computer simulations to model the flow. CFD
embraces a variety of technologies including mathematics, computer science, engineering and
physics, and these disciplines are brought together to provide the means of modeling fluid flows
[25]. Computational fluid dynamics has now become an integral part in solving problems arising
in the development process for various engineering disciplines. It provides both a qualitative and
quantitative prediction of fluid flows. It enables scientists and engineers to perform ‘numerical
experiments’ in a ‘virtual flow laboratory’. It acts as a bridge to validate results obtained through
theoretical calculations which in some cases may not be feasible to obtain experimentally. Figure
1 below shows the comparison between the experiment and prediction of jet flapping for an
upward-directed jet inside the enclosure as presented by T. van Hoff et. al (2017) [30].
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Figure 1. A graphical representation of a comparison between results obtained both
experimentally by visualizing technique and by CFD simulations by T. van Hoff et. al (2017)
[30] for an upward-directed jet.

CFD has become an important medium in innovation and development of new products in
manufacturing to improve efficiency as well as the increase life cycle of existing products. Many
problems in biomedical disciplines, relating to intermittent flow which were not feasible to solve
experimentally, could now be solved with the advent of CFD. It was a huge boon for aeronautical
and automobile industries as it, in a more general case, led to the creation of a faster mode of
transport. In a broad view, scientists and researchers have used CFD as a design and optimization
tool.

2.2 CFD Analysis Process
To achieve a successful analysis with CFD, the following information is required
•

Computational domain divided into a set of a grid of points, or a set of volumes or elements,
at which variables are stored to be calculated.

•

Boundary conditions that determine the boundary of the domain and enable the boundary
values of the variables to be calculated.
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•

Initial conditions that define the initial state of the flow in the computational domain.

•

Fluid properties that affect the flow such as density, viscosity, temperature, pressure, etc.

•

Flow models which determine the various characteristics of flow such as turbulence,
particle-laden flow, multi-phase, etc.

•

Control parameters that affect the numerical solution of the equations.

CFD analysis process needs to flow a set of procedures to obtain a solution for the flow simulations
which are:

•

Initial Thinking
It is very important to understand the physics behind a flow problem before trying to
simulate by using CFD. A comprehensive study of the different factors which would play
a considerable role in the flow simulations such as geometry to be used, flow characteristics
to be considered, the material made of, etc. is needed.

•

Mesh Generation
In this stage, the computational domain is sub-divided into smaller domains with a set of
grid points and a volume of cells or elements. This grid forms a discrete representation of
the geometry for which the flow is solved in each of these smaller domains. The quality of
the results obtained through the simulation depends entirely on the quality of the mesh
generated. Care should be taken around the factors affecting mesh quality such as
skewness, grid density, boundary layer mesh, etc.

•

Flow Specification
In this stage, initial conditions, fluid properties, Boundary conditions should be considered.
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•

Numerical methods
The CFD software carries out repetitive calculations of a number of equations to determine
the numerical solution for the flow problem. A set of the method such as finite element or
finite volume is assigned in CFD software to solve the equations.

•

Results Analysis
In this stage, both qualitative and quantitative results could be obtained.

Figure 2 below shows the flowchart of the CFD analysis process [25].
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Figure 2 A flowchart of the CFD analysis process
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2.3 Commercial CFD Software
The rapid growth of CFD, its applications, and advantages have led to the creation of many
commercial CFD software namely ANSYS FLUENT, CRADLE SCFLOW, COMSOL, etc.
Commercial CFD codes are structured around the numerical algorithms and contain three main
stages namely a pre-processor, a solver and a post-processor. The created commercial codes in
some cases are also task-specific such as for grid generation, for solving or for visualizing. Figure
3 gives a graphical representation of the three stages on which many of the commercial CFD codes
are based on.
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Figure 3 A graphical representation of the three stages on which the commercial CFD codes are
based on.

In this thesis, COMSOL Multiphysics, a multi-physics simulation software is used for the
analysis of the flow. COMSOL analyzes fluid flow problems by numerically solving the governing
equations. For all flows, conservation equations for mass and momentum are solved. For flows
involving heat transfer, an additional equation for energy conservation is solved.
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2.4 Governing Equations
The fundamental basis of almost all CFD problems is governed by the Navier-Stokes
equations for single-phase fluid flow. The equations representing conservation of momentum,
conservation of mass and conservation of energy in terms of temperature in general form are given
as follows:

𝜕𝜌
𝜕𝑡

+ 𝛻 ⋅ (𝜌𝑢
⃗)=0

(2.1)

where ρ is the density, u is the velocity vector and p is the pressure [26]. The above equation 2.1
is the continuity equation that represents the conservation of mass.

𝜌

⃗
𝜕𝒖
𝜕𝑡

+ 𝜌(𝑢
⃗ . 𝛻)𝑢
⃗ = 𝛻. [−𝑝𝐼 + 𝜏] + ⃗𝑭

(2.2)

where the characters I denotes the identity matrix, F denotes the volume force vector and the
viscous stress tensor denoted by τ is given as follows:

2

⃗ − | 𝜇(𝛻. 𝑢
𝜏 = 2𝜇𝑺
⃗ )𝐼

(2.3)
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The above equation 2.2 is a vector equation that represents the conservation of momentum [26].
The equation 2.4 given below describes the conservation of energy formulated in terms of
temperature.

𝜕𝑇

𝜌𝐶𝑝 (

𝜕𝑡

⃗ −
⃗ ) + 𝜏: 𝑺
+ (𝑢
⃗ . 𝛻)𝑇) = −(𝛻. 𝒒

𝑇 𝜕𝜌

𝜕𝑝

| ( + (𝑢
⃗ . 𝛻)𝑝) + 𝑄
𝜌 𝜕𝑇
𝜕𝑡
𝑝

(2.4)
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where Cp denotes the specific heat capacity at constant pressure, T denotes the absolute
temperature,’:’ denotes the double dot product. The heat flux vector and heat sources are given by
q and Q respectively. The strain-rate denoted by S is given by equation 2.5 as follows:

⃗𝑺 = 1 (𝛻𝑢
⃗ + (𝛻𝑢
⃗ )𝑇 )
2

(2.5)

For incompressible flow, Equation 2.1 reduces to

𝜌𝛻 ⋅ 𝑢
⃗ =0

(2.6)

and 2.2 becomes

𝜌

⃗
𝜕𝑢
𝜕𝑡

⃗
+ 𝜌(𝑢
⃗ . 𝛻)𝑢
⃗ = 𝛻. [−𝑝𝐼 + 𝜇(𝛻𝑢
⃗ + (𝛻𝑢
⃗ )𝑇 ] + 𝑭

(2.7)
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CHAPTER 3

METHODOLOGY

In this thesis, CFD was used to simulate a fully developed steady laminar flow through a
90-degree curved pipe with a square cross-section geometry for different Reynolds numbers and
different radius of curvature. These simulations were performed using a laminar flow model in the
commercial software COMSOL 5.1. Further analysis was undertaken with the introduction of
particles in the fluid flow model. The particles were traced with the help of a default particle tracing
model found in the software. This section will detail how these simulations are set up for the base
model and what assumptions were made.

3.1 Flow Specifications
The model in COMSOL treats the fluid as a single-phase, incompressible, homogeneous,
Newtonian, and isothermal liquid. The working fluid had a density (𝜌) of 998.2 (kg/𝑚3 ) and
dynamic viscosity (μ) of 1.002E-3 (Pa*s). Fluid with low Reynolds number namely Re 10 and 100
are considered as the basis for the velocity at the inlet of the pipe. The Reynolds number is given
by the equation:

𝑅=

𝜌𝑢𝐷ℎ
𝜇

(3.1)

where 𝜌 is the density, μ is the dynamic viscosity and u denotes the velocity of the fluid [27]. 𝐷ℎ
denotes the hydraulic diameter which is given by the equation:

𝐷ℎ =

4𝐴
𝑃

(3.2)
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where A denotes the cross-sectional area and P denotes the circumference of the wetted part [27].
Figure 4 below shows the graphical 3-D representation for a square duct with side length a.

Figure 4 A graphical 3-D representation for a square duct with side length a.

The calculation carried to reduce the hydraulic diameter of a square cross-section pipe to an
ordinary circular diameter for comparison is given as follows:

𝐷ℎ =

4𝑎2
4𝑎

=a

(3.3)
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Using the Reynolds numbers of 10 and 100 pipe diameter (D), density (𝜌), and dynamic
viscosity (μ), the average fluid flow velocity was calculated to be 0.0002502 (m/s) for Re =10 and
0.002502 (m/s) for Re =100 case. For the case of particle tracing, the initial velocity of the particles
is considered similar to that of the fluid. A fluid flow with a mass flow rate of 1.438 (kg/h)
containing 5000 particles being released proportional to the density of the fluid was determined to
be the working condition of the fluid at the inlet.

3.2 Geometry
The computational domain consists of flow inside a 3-D model geometry of a square crosssection pipe curved at a bend angle of 90-degree shown in Figure 5 below.

All the simulations had a pipe square cross-section length set to 0.04 meters (1.57 in)
following a frequently cited paper by Humphrey et. al. (1977) [17] with the only variation to the
geometry being with a dimensionless radius of curvature R (ratio of r and D). The length of the
pipe is modeled to be sufficiently long in comparison to the amount of the distance required to
obtain a fully developed laminar flow of a circular cross-section. The entrance length for a laminar
fully developed flow [27] in a circular pipe is determined by the equation 3.4 given as:

𝐿ℎ = 0.06 𝑅𝑒 𝐷ℎ

(3.4)

The pipe entrance length is empirically determined to be 0.6 meters (23.62 ft) for all cases. The
exit length was set to be the same as the entrance length in order to eliminate any inconsistencies.
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Figure 5 A schematic diagram of the computational geometry.

Three cases having r/D of 1, 2 and 5 are considered. Since the duct geometry is axially symmetric
with respect to the z-axis, only one-half of the duct was considered for the computational domain
and a symmetry boundary condition is set along the plane to reduce the computational effort
required to simulate the model and give faster convergence.
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3.3 Boundary Conditions

3.3.1 Inlet and Outlet Conditions
The normal inflow velocity is specified as the inlet boundary condition for the
computational domain given by equation 4.5 as follows:

𝑢
⃗ = −𝑈0 𝑛⃗

(3.5)

where, 𝑛⃗ is the normal unit vector and 𝑈0 denotes the inflow speed [26].

The pressure boundary condition with an emphasis to suppress any backflow is specified as the
outlet boundary condition given by the equation:

⃗ + (𝛻𝑢
⃗ )𝑇 ]𝑛⃗ = −𝑝
̂𝑛
[−𝑝𝐼 + 𝜇(𝛻𝑢
0⃗

(3.6)

𝑝
̂0 ≤ 𝑝0

(3.7)

where 𝑝0 is the absolute pressure [26]. Figure 6 shown below depicts the inlet and outlet selection
in the geometry.
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Figure 6 A graphical representation of the inlet and outlet selection in the geometry

3.3.2. Wall Conditions
A no-slip boundary condition is applied along all boundaries. This condition assigns u = 0,
i.e. stationary fluid condition at the boundaries. A slip condition is also specified for some cases
in the study which assumes that no viscous forces are acting on the selected wall and hence no
boundary layer is developed [26]. It is given by equations 3.8 and 3.9 given below as:
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𝑢
⃗ . 𝑛⃗ = 0; 𝐾 − (𝐾. 𝑛⃗)𝑛⃗ = 0

(3.8)

𝐾 = [𝜇(𝛻𝑢
⃗ + (𝛻𝑢
⃗ )𝑇 ]𝑛⃗

(3.9)

3.4. Mesh
As discussed earlier, meshing forms the basis on which the simulated results are judged to
whether the results could be used qualitatively or quantitatively. This is because a coarser mesh
would still give somewhat similar results, but they may not be quantitatively accurate to use for
further analysis if required as such. After modeling the flow domain, grid generation is a key issue
in a flow simulation that governs the stability and the accuracy of the predictions Q.H. Mazumder
(2012). [31] Keeping that thought in mind, an extensive study in relation to meshing was carried
out in this thesis. Meshing with different element shapes for a 3-D geometric model, namely
tetrahedron, triangular prism and hexahedron was considered for this study. The graphical
representation of different 3-D elements used is shown in Figure 7 below.
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Figure 7 A graphical representation of different 3-D elements used.

The hexahedral mesh was used due to its capabilities in providing high-quality solutions
with fewer numbers of cells than comparable tetrahedral mesh for a simple geometry Q.H.
Mazumder (2012) [31]. Hexahedral mesh gives a more accurate solution as the grid lines are
aligned with the flow [29]. Face meshing with a quadrilateral element was undertaken and swept
along the axis of the flow to create an entire volume. Boundary layer mesh was also set at all
appropriate boundary positions. A mesh refinement study was undertaken for hexahedral elements
with different element sizes.
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The number of grid elements in a computational domain determines the time required for
simulation and the computation cost. Using a finer element size mesh instead of a coarser element
size mesh even when the results obtained through each of these sizes are similar is unclever. Since
the main area of interest is for flow development in and around the elbow, a grid-independence
study was considered to determine mesh element size along the length of the pipe away from the
elbow.

A circular domain mirroring the length of the pipe was used for this analysis. Different
types of mesh made of hexahedral elements swept along the length of the pipe were considered
with different element sizes. The maximum component of velocity at a fully developed flow region
was compared with the maximum velocity component obtained through the velocity profile
equation for the flow given by:

u(r)= 2𝑉𝑎𝑣𝑔 (1 −

𝑟2
𝑅2

)

(3.11)

The percentage difference was calculated, and the average values obtained are tabulated in
the following Table 1 as shown below.

Coarse

Normal

Fine

Mesh A

0.79

0.35

0.18

Mesh B

0.78

0.12

0.12

Mesh C

0.73

0.12

0.12

Table 1 The average values of the percentage difference obtained between the different meshes
considered.
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The different types of meshes considered for the analysis are
•

Mesh A: Domain divided into 3 sections with varying element sizes with geometric
progression in the direction of flow

•

Mesh B: Domain divided into 3 sections with varying element sizes without geometric
progression

•

Mesh C: Domain consists of a singular element size across the whole domain.

Mesh independence is observed for simulation through Mesh B and Mesh C. Mesh C is considered
with an appropriate normal element size along the length of the pipe.

A mesh refinement study was also carried out to determine the appropriate mesh element
for in and around the elbow. Data points were plotted through the center of a plane perpendicular
to the direction of flow at various locations in the bend as shown in Figure 8 below. Three element
sizes with each mesh finer than the preceding mesh with a factor of two were considered. Velocity
components acting on the plane at different angles of the bend for each of these different meshes
were obtained. A percentage difference given by equation 3.12 below was computed for the values
obtained for velocity components for these 3 different types of meshes with different element sizes.

𝑉𝑀𝑒𝑠ℎ −𝑉𝐹𝑖𝑛𝑒𝑠𝑡 𝑀𝑒𝑠ℎ

% Difference= (

𝑉𝐹𝑖𝑛𝑒𝑠𝑡 𝑀𝑒𝑠ℎ

) ∗ 100

(3.12)
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Figure 8 A schematic representation of the (a)horizontal and (b) vertical data points plotted in the
computational domain.

The percentage difference for the velocity at 0 degrees for both the horizontal and vertical
points is shown in Figure 9 below. Mesh 1 and Mesh 2 denote the percentage difference obtained
through the values of velocity components by using equation 3.12 shown above for those 3
different meshes with different element sizes.
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Figure 9 The percentage difference between the values of velocity components obtained for
those 3 different element sizes for (a) vertical points and (b) horizontal points
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A difference of around 1% was found between the values of the velocity component
obtained for the mesh element sizes of a final and preceding mesh element case After the
conclusion of the above study, the optimal mesh sizes determined and used in the study are
tabulated in Table 2 given below.

In and around Pipe

Max element size

Min element size

700 µm

9.9 µm

1010 µm

65.9 µm

elbow
Length of the pipe

Table 2 The optimal mesh element size used in the geometry

Figure 10 below gives the graphical representation of the finished mesh used for computation.
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Figure 10 The graphical representation of the finished mesh used for computation.
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3.5 Validation
The validity of the CFD model is assessed by comparison to the results from a frequently
cited reference paper by Humphrey et. al. (1977) [17]. A model is designed to exactly replicate
the actual experiment of Humphrey et. al. (1977) [17]. Simulation results were compared with
experimental data in the literature to provide the validation for the model. Half-velocity profiles
of the longitudinal velocity components normalized with the inlet velocity for five radial positions
at 2.5 times the hydraulic diameter before the bend were used as a base case for validation. Figure
11 below shows the longitudinal velocity components measured at 2.5 times the hydraulic diameter
before the bend obtained from the simulation is compared with the experimental data obtained
from Humphrey et. al. (1977) [17]. In the figure, the color curves denote the values obtained
through simulations while the circles denote the experimental data obtained from Humphrey et.
al. (1977) [17]. A good agreement is observed between CFD and experimental data as shown in
Figure 11. The results were also compared with the full velocity profile for at

𝑍
𝑍1⁄

= 0.5 radial

2

distance at various locations in the bend. The circles denote the experimental data while the lines
denote the data obtained through simulation for Humphrey et. al. (1977) [17]. The color lines
denote the data obtained in this work. A good agreement is found with the experimental data as
opposed to the simulated one as shown in Figure 12.

30

Figure 11 The half velocity profile comparison between simulated values and Humphrey et. al.
(1977) [17] data at 2.5 times the hydraulic diameter before the bend for 5 radial positions.
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Figure 12 A velocity profile comparison between the simulated results in the thesis with the data
obtained for experimental as well as simulated results from Humphrey et. al. (1977) [17].
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CHAPTER 4

RESULTS & DISCUSSION

4.1 Secondary Flow
Fluid flow in an elbow of a pipe is generally characterized by two different types of flow.
One being, the flow in axial direction also known as a primary flow in the direction from the inlet
to outlet. The other is the flow found in planes perpendicular to the direction of the primary flow
in the bend, called secondary flow. The secondary flow can be further classified into two types
namely, the secondary flow (SF) of non-vortical type and the secondary flow (SF) of vortical type.
In this thesis, the initiation and formation of secondary flow were studied extensively at various
cross-sectional planes perpendicular to the direction of flow. The simulation of flow in a 90-degree
bend pipe with a square cross-sectional area having Reynolds number equal to 10 and radius of
curvature equal to 1 was considered as the base model of the study. Since a symmetry boundary
condition assigned to the simulation, the results obtained contain a mirror image of the results.

Figure 13 shows the evolution of the secondary flow from SF of non-vortical type to the
SF of vortical type as the flow progresses in the bend. Since the fluid is a continuum, the
phenomena occurring at the bend are also felt in the immediate neighborhood before the bend.
Early onset of a weak SF of non-vortical type occurs at 0.75 times the hydraulic diameter before
the bend as seen in the first figure of the first row in Figure 13 which may be due to a radial
pressure gradient observed in the bend. The flow is observed to flow from outer to the inner radius
of curvature of the bend in a plane perpendicular to the direction of primary flow. The flow
progression for SF of non-vortical type before the bend is shown in the first row of Figure 13 for
the base model. As this flow enters the bend, the evolution of the flow in the transverse direction
is observed. The SF of non-vortical type is observed to follow a curved path, both near the inner
and outer radius of curvature of the bend as seen in the second row of Figure 13. This leads to the

33

formation of SF of the vortical type for the later stages of the bend. The initiation of a weak SF of
vortical type is observed to form at 15 degrees from the inlet of the bend as seen in the last figure
of the second row in Figure 13. The flow progression for SF of vortical type in the bend is shown
in the last row of Figure 13.
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Figure 13 The evolution of the secondary flow from (SF) of non-vortical type to the (SF) of vortical type.
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The secondary flows are represented in each plot by the vector arrows. The vector arrow
length shown in the figures does not demonstrate directly the magnitude of the velocity of
secondary flow but provides information about the direction of flow. The greyscale as observed in
Figure 13 gives the velocity magnitude of secondary flow in the plane. The velocity was nondimensionalized by the equation:

𝑉∗ =

𝑣
𝑉𝑎𝑣𝑔

(4.1)

The maximum velocity of the SF for both non-vortical and vortical type reaches a
magnitude of 40% of the primary flow mean velocity. The plots depicting secondary flow plots
for all cases taken into consideration at different cross-sectional planes in the elbow namely at
00 , 300 , 450 , 600 and 900 are included in Appendix A.

4.1.1 Radius of Curvature Effects
It is observed that with an increase in the radius of curvature of the bend, the maximum
velocity of the SF, for both non-vortical and vortical types of the primary flow mean velocity
decreases for a higher radius of curvature as shown in Figure 14. This may be due to the decrease
in pressure gradient observed with an increasing radius of curvature.
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Figure 14 The maximum velocity of the SF for both the non-vortical and vortical types, for the
different Radius of curvatures.

Figure 15 shows the comparison between the initiation center for SF of the vortical type
observed for the varying radius of curvature in the bend for the same Reynolds number. The yaxis in the plot below denotes the location in the planes perpendicular to the direction of the flow
from the inner to the outer bend wall. The center of the vortex is located by plotting the locations
of zero velocity observed for the SF of vortical type at different degrees in the bend along the radial
direction. The color lines denote the initiation as well as the completion locations of the SF of the
vortical type for the different radius of curvatures of the bend.

The initiation of SF of the vortical type is observed to occur earlier (i.e. closer to the inlet
of the bend) as the radius of curvature of the bend increases which may be due to a weaker
centrifugal force acting on the flow with an increasing radius of curvature of the bend. A slight
shift is also observed in the position of the center of the SF of vortical type around the center in
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the radial direction with an increase in the radius of curvature of the bend. This is maybe due to
the approximations involved in the method used to calculate the center of the vortex.

VORTEX LOCATION
R1_Re10

R2_Re10

R5_Re10

LOCATION

20
10
0
-10
-20
7.5

10

15

20

30

40

50

60

70

80

82.5

85

87.5

90

DEGREE

Figure 15 A comparison between the initiation center for the SF of the vortical type for the
different Radius of curvature in the bend in the radial direction.

Figure 16 shows the comparison between the initiation center for SF of the vortical type
observed for the varying radius of curvature in the bend from the mid-line to the lateral wall. The
center of the vortex is located by plotting the locations of zero velocity for SF of vortical type at
different degrees in the bend along the transverse direction perpendicular to the primary flow. The
y-axis in the plot below denotes the location in the planes perpendicular to the direction of the flow
from the mid-line to the lateral wall. The color plots denote the movement of the vortex in the
transverse direction as well as the initiation and completion of the vortical flow observed for the
different radius of curvature of the bend. It is observed that the center of the vortex moves from
nearer to the mid-line to nearer to the lateral wall as the flow progresses in the bend. This
movement is due to the interaction of the two counter-rotating vortices which is usually observed
for simulations of full pipe flow as seen by Dean (1927,1928) [3][4]. The back and fro motion
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observed is largely related to the maximum velocity of SF, for both vortical and non-vortical type
of the mean axial velocity.
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Figure 16 A comparison between the initiation center for the SF of the vortical type for the
different Radius of curvature in the bend in the transverse direction.

It is seen that the SF of vortical type vanishes with an increasing Radius of curvature for a
low Reynolds number equal to 10. This may be related to a greater viscous force counter-acting
the SF flow. As seen in Figure 16, the SF of the vortical type vanishes after a few degrees in the
bend and emerges again after a few degrees for the radius of curvature 5.
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4.1.2 Reynolds Number Effects
The initiation of the vortical structures is also observed to occur earlier as the Reynolds
number is increased as shown in Figure 17 which may be due to the viscous forces acting on the
fluid. With an increase in Reynolds number, the position of the center of SF of vortical type shifts
more prominently towards the inlet of the bend.
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Figure 17 The initiation phenomena of a vortex for a Radius of curvature with different Reynolds
numbers in a radial direction.

Figure 18 shows the comparison for the maximum velocity of the SF for both the nonvortical and vortical types, for the different Radius of curvature and Reynolds numbers. A decrease
in the maximum velocity of the (SF), for both non-vortical and vortical types of the primary flow
mean velocity is also observed with an increase in Reynolds number which may be due to the
viscous forces acting on the fluid.
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Figure 18 The comparison for the maximum velocity of the SF for both the non-vortical and
vortical types, for the different Radius of curvature and Reynolds numbers.

Figure 19 shows the comparison between the movement of the center for SF of the vortical
type observed for the different Reynolds number from the mid-line to the lateral wall. It is observed
that the vortex center moves more from closer to the mid-line to a centralized location in between
mid-line and the lateral wall due to the interaction of the vortices.
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Figure 19 A comparison between the initiation center for the SF of the vortical type for the
different Reynolds numbers in the transverse direction.

4.2 Transversal Pressure
The results such as in Figure 13, depict the presence of a pressure gradient perpendicular
to the direction of the primary flow. Not only there is a pressure gradient along the inner to the
outer direction in the bend, but also there seems to be pressure gradient in the direction from midline to lateral wall, especially near the inner (between points A-B) and outer (between points C-D)
regions as shown in Figure 20. To better understand the observed pressure gradient, it was
monitored by normalizing it following this expression.

𝛥𝑝 =

𝑝−𝑝𝐶
𝑝𝐴 −𝑝𝐶

where 𝑝𝐴 and 𝑝𝐶 denote the pressure at points A and C for the particular plane.

(4.2)
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Figure 20 A schematic representation of all the plots presented in the thesis.

Figure 21 shows the pressure gradient in the plane perpendicular to the direction of the
flow at various degrees in the bend. Red denotes higher pressure and blue denotes the lower
pressure. The transversal pressure gradient is created due to an uneven centrifugal force acting on
the fluid in the plane. The uneven centrifugal force is due to a velocity gradient in the flow as a
result of the wall boundary condition. The fluid at the symmetry feels the full effect of the
centrifugal force as opposed to no centrifugal force felt at the wall. Similar results of the transverse
pressure gradient are observed for all the cases of the study included in Appendix A.
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Figure 21 The pressure gradient in the plane perpendicular to the direction of the flow at various degrees in the bend.
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Figure 22 presents the normalized pressure difference between points A and B (at outer
bend radius) and between C and D (at inner bend radius). The pressure plots are nondimensionalized by equation 4.3 given below for comparison.

𝛥𝑝∗ = 1
2

𝛥𝑝
𝜌𝑉𝑎𝑣𝑔 2

(4.3)

where 𝜌 is the density of the fluid and 𝑉𝑎𝑣𝑔 denotes the average axial flow velocity.

It is observed that the transversal pressure gradient on the inner radius is greater than the
outer radius wall of the pipe in the bend which may be due to the differences in the full centrifugal
forces acting on the mid-line of the bend for inner and outer radius. The transversal pressure
gradient is observed to be formed just before the inlet of the elbow at a distance of 0.25 times the
hydraulic diameter before the bend. A spike of pressure difference is observed at the inner radius
around 20 to 30 degrees which may be due to the increase in the maximum velocity of SF of the
vortical type. Thus, most likely the SF of the vortical type is because of this transversal pressure
difference.
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Figure 22 The transversal pressure at different locations for the base model.

4.1.1 Radius of Curvature Effects
In this section, the effect of the radius of curvature on the transversal pressure difference is
observed. Figure 22 (a) and (b) below shows the transversal pressure gradient for Reynolds number
10 with a varying radius of curvature of bend. The results show a decrease in pressure gradient for
both the inner and outer bend for simulations with an increasing radius of curvature in comparison
with the base model. The ratio obtained between the radius of curvature of outer to the inner radius
of the bend for Radius of curvature 1 is 3 to that obtained for Radius of curvature of 5 which equals
1.22. Therefore, a difference in the centrifugal forces acting between the inner and outer radius
would be observed in the bend for an increasing value of the radius of curvature. Thus, the decrease
in pressure gradient is more rapid in the inner bend in comparison with the outer bend.
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(b)
Figure 23 (a) & (b) The transversal pressure gradient for Reynolds number 10 with a varying
radius of curvature of the bend for the outer and the inner bend respectively.
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4.1.2 Reynolds Number Effects.
The figure 24 (a) and (b) below show the comparison for the transversal pressure gradient
for Reynolds numbers 10 and 100 with a radius of curvature of 1 in bend. The results for all the
other cases can be found in Appendix C. It is observed that due to the increase in Reynolds number,
there is a shift of the greater pressure gradient from inner to the outer radius at the mid-section of
the bend as seen in figure 24 (b). The reason for this shift is still unknown but should be related to
the maximum velocity of SF, for both non-vortical and vortical types observed in the bend
geometry. It should also be noted that this shift progress further towards the inlet as the radius of
curvature is increased. This may be due to the maximum velocity of the SF of the vortical type
which increases with an increase in Reynolds number.
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(b)
Figure 24 (a) & (b) The transversal pressure gradient with a radius of curvature of 1 in the bend
for different Reynolds numbers.
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4.3 Vorticity
Similar to the case for transversal pressure, the vorticity at different cross-sectional planes
in the elbow namely at 00 , 300 , 450 , 600 and 900 are plotted as shown in Figure 25. The flow
simulations, which model the vorticity are represented in each plot by the rainbow color scale. The
components of velocity were non-dimensionalized by equation 4.4 given below:

𝜔∗ =

𝜔
𝑉𝑎𝑣𝑔 ∗𝑅

(4.4)

where R denotes the various Radius of curvature used. The plots depicting all the vorticity plots
for all cases of Reynolds numbers and radius of curvature are included in appendix B.

The vector arrows denote the direction of secondary flow and the contour plots denote the
magnitude of vorticity in the plane, non-dimensionalized by equation 4.4. Due to fluid acting as a
continuum, weak vorticity is first seen at 0.75 times the hydraulic diameter before the bend. It is
observed that there is a presence of clockwise vorticity due to shear in between fluid along the
walls due to non-slip boundary conditions. There is also a presence of counterclockwise vorticity
in the various planes perpendicular to the direction of flow because of the velocity gradient
observed in between the secondary flow fluid particles. Vorticity is also observed at the inner and
outer walls of the radius for the curved geometry. This is due to the shear observed in the fluid
particles due to the combination of the non-slip boundary conditions and the evolution of SF of
non-vortical type to the vortical type in the transverse direction.
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Figure 25 Vorticity plots for various planes in the bend perpendicular to the direction of the primary flow.
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4.3.1 Radius of Curvature and Reynolds Number Effect.
It is observed that the intensity of the clockwise and counterclockwise vorticity increases
with an increasing radius of curvature of the bend. Also, an increase in the intensity of vorticity in
the plane perpendicular to the direction of the flow with an increasing Reynolds number is
observed. This may be due to the decrease in the maximum velocity of the SF of both the nonvortical and vortical types observed for an increasing Radius of curvature and an increase in the
maximum velocity for increasing Reynolds number.

4.4 Slip Boundary Condition

4.4.1 Effect on Secondary Flow
The observed transversal pressure gradient allegedly occurred due to an unbalance of the
centrifugal force acting on the symmetry line and the one acting at the lateral wall. To further prove
this point, numerical simulations were performed by assigning a slip boundary condition at the
wall in order to let the centrifugal force act on it. It is observed that the SF of the vortical type
vanishes as the flow travels through the bend as shown in Figure 26 below. The maximum velocity
of the SF for both non-vortical and vortical type reaches a magnitude of 20% of the axial mean
velocity. Thus a decrease in the maximum velocity of the flow is observed. The flow still moves
from outer to the inner Radius of curvature of the bend in planes before and near the elbow inlet.
However, after a few degrees in the bend, the flow is observed to reverse the direction going from
inner to the outer radius of curvature. The reason for this shift is still unknown.

52

Figure 26 Secondary flow plots for various planes in the bend observed for the base case with a slip boundary condition.
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4.4.2 Effect on Pressure
The comparison between the transversal pressure gradient obtained for the radius of
curvature 1 with non-slip and slip boundary conditions are shown in Figure 26. It is observed that
on the application of slip boundary condition the transversal pressure gradient vanishes. Thus, it
can be inferred that the transversal pressure gradient is the deciding factor that determines the
formation of SF of vortical type in the perpendicular plane.
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Figure 27 The transversal pressure gradient for the radius of curvature 1 with non-slip and slip
boundary conditions respectively.
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4.4.3 Effect on Vorticity
On assigning a slip boundary, it is observed that the vorticity formed as a direct result of
the non-slip boundary conditions and the secondary flow in the perpendicular plane vanishes as
the flow travels through the bend as shown in Figure 28 below.
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Figure 28 Vorticity plots for various planes in the bend observed for the base case with slip boundary condition.
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4.4 Particle Flow
Following the analysis for the base model, particles were introduced in the flow having
both the slip and non-slip condition boundary conditions and their position was traced as the flow
progressed in the bend. As it is known, the particles traveling in the pipe are pulled by the fluid
flow. These particles on entering the bend may come in contact with the pipe walls and be pulled
by the fluid flow, which could cause erosion in the pipe walls. Thus, to understand this
phenomenon, the erosion rate, and the max erosion ratio were determined for the base model and
studied in this section. The relationship between the fluid flow and the particles was manipulated
by changing the non-dimensional Stokes number which characterizes the behavior of particles in
a flow.

𝑆𝑡 =

2𝑢
𝜌𝑝 𝑑𝑝
0

18 μ𝑓 𝑙0

(4.5)

where 𝜌𝑝 and 𝑑𝑝 denote the particle density and particle diameter respectively, μ𝑓 denote the
viscosity observed by the particles and 𝑙0 denote a dimension of the geometry which in this case
is the arclength of the bend:

𝑙0 =

𝛱
4

∗𝑅

(4.6)

where R denotes the radius of curvature of the bend.

It should also be noted that the velocity observed by the particles is the same as that of the
working fluid. Figure 29 below shows the maximum erosion observed in the base model with nonslip and slip boundary conditions for different Stokes number. On assigning of the slip boundary
conditions, the SF of the vortical type vanishes. A visible decrease in maximum erosion is observed
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for the cases with slip and non-slip boundary conditions. It is also observed that for a very low
Stokes number namely 0.01 and 0.1, the flow particles perfectly follow the fluid particles and have
no effect on the wall.

R1_RE10 MAX EROSION
No slip_R1_10

Slip _R1_10

5.00E-15

MAX EROSION

4.00E-15
3.00E-15
2.00E-15
1.00E-15
0.00E+00
0.01

0.1

0.5

1

5

10

STOKES NUMBER

Figure 29 The max erosion observed for flow through the base model with non-slip and slip
boundary conditions.

The maximum erosion ratio for the base model with the two boundary conditions was also plotted
as shown in Figure 30. The ratio of slip to non-slip denotes maximum erosion observed in the bend
with slip and non-slip boundary conditions.
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Figure 30 The max erosion ratio for flow through the base model with slip and non-slip boundary
conditions.

As high as 80% and as low as 50% decrease in erosion was observed on the application of
a slip boundary conditions at the wall for particles with Stokes numbers 0.5 and 10 respectively.
It can be inferred that for particles with low Stokes number, the transversal pressure gradient
determines the degree of erosion observed in the pipe.

4.4.1 Radius of Curvature and Reynolds Number Effects
Figure 31 below shows the comparison for max erosion ratio with an increasing radius of
curvature. It is observed that with the increase in the radius of curvature, the erosion ratio observed
in the bend decreases for an increasing Stokes number. This may be due to the maximum velocity
of SF of both the non-vortical and vortical decreasing with an increasing radius of the curvature.
With an increase in the curvature ratio, the particles are required to travel a greater distance to
contact the pipe wall. Thus, the particles have a lesser impact on the wall which is due to the low
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maximum velocity of secondary flow observed. An erosion ratio of less than 5% is observed for
the flow through a bend having the radius of curvature and Reynolds number equal to 5 and 10
respectively. A decrease in erosion as high as 84% and as low as 40% is observed for different
Stokes numbers having the radius of curvature and Reynolds number equal to 2 and 10
respectively.
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Figure 31 The comparison for max erosion ratio with an increasing radius of curvature of 1,2 and
5

Figure 31 below shows the comparison for the maximum erosion ratio with an increasing
Reynold number. The results depict a slight change in the values obtained for erosion ratio with
an increase in Reynolds number. It should be related to the difference in the strength of the SF, for
both the non-vortical and vortical type observed for different Reynolds numbers.
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Figure 32 The comparison for max erosion ratio with an increasing Reynolds number

In figure 33, the ratio of the difference for the maximum erosion between the slip and nonslip boundary conditions is plotted. As Stokes's number increases, a decrease in the percentage of
difference for the maximum erosion is observed. For a particle with lower Stokes number, the
velocity of secondary flow is strong enough to push the particles to impact the wall as opposed to
particles having a higher Stokes number which generally represents a larger or heavier particle
which also requires a higher velocity. A 60% decrease is observed in the maximum erosion due to
the presence of vortical structures for low Stokes number at Radius of curvature 1.
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Figure 33 The ratio of difference for the maximum erosion between the slip and non-slip
boundary conditions.
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CHAPTER 5

CONCLUSION

5.1 Conclusions
A computational fluid dynamics model was established to study the flow of steady laminar
fluid through a 90-degree pipe having a square cross-sectional area. Following the analysis of the
base model, the study was also carried out for different cases with variation in Reynolds number
and Radius of curvature. Boundary conditions were varied in this thesis to study their effect on the
flow. Particles with different properties were also introduced to study the most prominent problem
of erosion observed in flow through a curved pipe

Through the results obtained, it is concluded that initiation of the secondary flow of the
non-vortical type is observed at 0.75 times the hydraulic diameter before the elbow for all the
cases. The evolution of secondary flow from non-vortical type to vortical type is also observed.
The results concluded that the increase in Reynolds number and radius of curvature have a similar
effect on the initiation of the secondary flow of the vortical type. The intensity of secondary flow,
both non-vortical and vortical type is observed to decrease with an increasing radius of curvature
and is observed to increase with an increase in Reynolds number. The results prove that the
presence of a transversal pressure gradient is the leading factor that determines the formation of
the secondary flow of the vortical type. In fact, the results actually proved that the removal of the
transverse pressure gradient removes the secondary flow of the vortical type.

It was concluded that assigning the slip boundary conditions to the wall nearly reduces the
intensity of secondary flow, both non-vortical and vortical type by one half of the intensity
obtained in comparison to the main axial flow. It also leads to the vanishing of all the transversal
pressure gradient and the vorticity. Further analysis with the introduction of particle emphasized
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the importance of slip boundary conditions. A decrease of more than 80 % was observed for
erosion ratio in the base model for low Stokes numbers. It led to the conclusion that the transversal
pressure gradient also determines the degree of erosion observed in the flow for a curved geometry.

5.2 Future Work
Although much progress has been made in the study of the flow, further research is
recommended. The reason for the flip observed in the flow of the base model with slip boundary
conditions as opposed to a perpendicular flow from outer to the inner radius of curvature is still
unknown. Flow involving different angles of the bend found in practical applications namely 45
and 180 degrees should be studied to study the effect of the bend geometry on the flow. Flow
involving the different flow characteristics such as turbulent and intermittent should also be
considered. Simulations involving multi-phase fluids could also be carried out to determine how
the phases would interact for fluids with a reduced intensity of secondary flow. Further analysis
could be undertaken varying the aspect ratio of the cross-section of the pipe. More extensive
research on particle flow based on practical applications should be carried out to study erosion
phenomena in more detailed manner. Once the research is completed, its practical application
should be considered. The research included in this thesis will serve a solid base for future
researchers and its applications could be used to solve many practical problems.
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Appendix A

Figure 34 Secondary flow plots at various planes in the bend observed for radius of curvature 1 and Reynolds number 100
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Figure 35 Secondary flow plots at various planes in the bend observed for radius of curvature 2 and Reynolds number 10
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Figure 36 Secondary flow plots at various planes in the bend observed for radius of curvature 2 and Reynolds number 100
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Figure 37 Secondary flow plots at various planes in the bend observed for radius of curvature 5 and Reynolds number 10
Note: The figure in the last plot is without a color scale due to the pressures perfectly coinciding with the values at points A and C.
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Figure 38 Secondary flow plots at various planes in the bend observed for radius of curvature 5 and Reynolds number 100
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Appendix B

Figure 39 Vorticity plots at various planes in the bend observed for radius of curvature 1 and Reynolds number 100
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Figure 40 Vorticity plots at various planes in the bend observed for radius of curvature 2 and Reynolds number 10
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Figure 41 Vorticity plots at various planes in the bend observed for radius of curvature 2 and Reynolds number 100
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Figure 42 Vorticity plots at various planes in the bend observed for radius of curvature 5 and Reynolds number 10
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Figure 43 Vorticity plots at various planes in the bend observed for radius of curvature 5 and Reynolds number 100
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APPENDIX C
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(b)
Figure 44 (a) & (b) The transversal pressure gradient with a radius of curvature of 2 in the bend
for different Reynolds numbers.
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Figure 45 (a) & (b) The transversal pressure gradient with a radius of curvature of 5 in the bend
for different Reynolds numbers.
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